Density Functional Resonance Theory (DFRT) is a complex-scaled version of ground-state Density Functional Theory (DFT) that allows one to calculate the resonance energies and lifetimes of metastable anions. In this formalism, the exact energy and lifetime of the lowest-energy resonance of unbound systems is encoded into a complex "density" that can be obtained via complex-coordinate scaling. This complex density is used as the primary variable in a DFRT calculation just as the ground-state density would be used as the primary variable in DFT. As in DFT, there exists a mapping of the N -electron interacting system to a Kohn-Sham system of N non-interacting particles in DFRT. This mapping facilitates self consistent calculations with an initial guess for the complex density, as illustrated with an exactly-solvable model system. Whereas DFRT yields in principle the exact resonance energy and lifetime of the interacting system, we find that neglecting the complex-correlation contribution leads to errors of similar magnitude to those of standard scattering close-coupling calculations under the bound-state approximation.
Density Functional Theory (DFT) [1] [2] [3] provides one of the most accurate and reliable methods to calculate the ground-state electronic properties of molecules, clusters, and materials from first principles. It is one of the workhorses of computational quantum chemistry [4] . In addition, DFT's time-dependent extension (TDDFT) [5] can now be applied to a wealth of excited-state and time-dependent properties in both linear and non-linear regimes [6] . When the N -electron system of interest has no bound ground state, however, neither DFT nor TDDFT can be applied in a straightforward way. A correct DFT calculation converges to the true ground state by ionizing the system, thus leaving no reliable starting point for a subsequent TDDFT calculation on the Nelectron system. In practice, a finite simulation box or basis set can make the system artificially bound [7, 8] , but information about the relevant lifetimes is lost in the process.
We address here this fundamental limitation of groundstate DFT, and propose a solution.
Consider a system of N interacting electrons in an external potentialṽ(r), with ground-state densityñ(r). The potential is set to be everywhere positive and go to a positive constant C as |r| → ∞. The ground-state energy isẼ > 0. We start by asking how the gound state density changes when a smooth step is added toṽ(r) at a radius |R| that is larger than the range ofṽ(r). The step is such that the new potential v(r) coincides with v(r) for |r| < |R| but goes to zero at infinity. Sinceṽ(r) is everywhere positive, all N electrons tunnel out and v(r) supports no bound states. The correct ground state energy is now E = 0, and the new density n(r) is delocalized through all space. In practical calculations, however, v(r) andṽ(r) cannot be distinguished if |R| is beyond the size of the simulation box. The result provided by ground-state DFT using the exact exchange-correlation functional is not E, butẼ > 0, and the density obtained isñ(r) as if the system were bound. Even when the simulation box is large enough to include the steps, use of a finite basis-set of localized functions will artificially bind all electrons. Clearly, such calculations do not provide approximations to the true ground-state energy and density of v(r), but to those of its lowest-energy resonance (LER).
The purpose of this letter is to establish an analog of KS-DFT that provides the in-principle exact LERdensity along with its energy and lifetime for any finite |R|. As |R| → ∞, the results coincide with those of standard KS-DFT. For higher-energy resonances, TDDFT is needed as a matter of principle [9, 10] .
First, we note that as |R| → ∞, the complex density n θ (r) associated with the LER of
becomes equal to the complex densityñ θ (r) associated toṽ(re iθ ). In Eq. 1,
is the density operator. (Atomic units are used throughout). To find n θ (r), we complex-scaleĤ v by multiplying all electron coordinates by the phase factor e iθ , diagonalize the resulting non-hermitian operatorĤ θ v , and calculate the bi-expectation value ofn(r) as:
where |Ψ the smallest positive real part among all eigenvalues in the non-rotating spectrum ofĤ θ v . For a detailed review of this technique and related methods in non-hermitian Quantum Mechanics, see ref. [11, 12] . The computational cost of this prescription scales exponentially with the number of particles. Since n θ (r) →ñ θ (r) as |R| → ∞, and since there is a one-to-one correspondence between n θ (r) and v(re iθ ) [13, 14] , the complex energy of the LER E θ [n θ ] goes toẼ (not E), as |R| → ∞. Its lifetime L is given by (−2Im(E θ )) −1 , and for any finite |R|,
where the resonance energy E tends toẼ as |R| → ∞.
To build a complex analog of Kohn-Sham DFT using n θ (r) as the basic variable, we first map the system of interacting electrons whose LER density is n θ (r) to one of N particles moving independently in a complex "Kohn-Sham" potential v θ s (r) defined such that its N occupied complex orbitals {φ
. The complex Kohn-Sham equations are:
). The set of {ε i } and {τ i } provide the orbital resonance energies and lifetimes of the Kohn-Sham particles.
Second, we write E θ [n θ ] as:
in analogy to standard KS-DFT, and require: [12] along with the assumption that the orbitals used to construct the density can be expanded in an orthonormal basis leads to the Euler-Lagrange equation:
Performing the variarion in Eq. 5 and comparing with Eq. 4 leads to an expression for the Kohn-Sham potential that is again analogous to that of standard KS-DFT:
where
The simplest case where all essential aspects of this formalism can be illustrated is a system of two interacting electrons moving in a one-dimensional potential such as the one depicted in the inset of Fig. 1 . We study a Hamiltonian where the electrons interact via a soft-Coulomb potential of strength λ: [15] and Finite Difference Methods. The numerically exact n θ (x) was calculated via Eq. 2. The complex density n θ (x) depends on the value of θ (see Fig. 1 ), but for a large enough number of grid points the energy does not. In the complex-scaling method the resonance energies are precisely those that remain stationary as θ changes [12] . Fig. 2 shows the energy for 0 < λ < 1.
Exact KS solution: Two non-interacting electrons in the potential indicated by solid lines in Fig.3 have the same n θ (x) as calculated above to one part in 10 6 (in the sense that the space integral of the square of the difference between their real or imaginary parts is less than 10 6 ). When n θ (x) is set to integrate to the number of electrons (2, here), we verify this potential is given by:
where ε H − 2iτ
H is the highest occupied complex orbital energy (in this case the only one), in exact analogy to real KS-potentials for bound 2-electron systems. Without an explicit expression for E θ XC [n θ ], however, the total energy cannot be calculated via Eq. 5. Related work by Ernzerhof [13] and physical intuition suggest that bound ground-state functionals are applicable here. They are, in any case, the most natural candidates.
Exchange: Borrowing knowledge from bound 2-electron DFT, Eqs. 4 and 7 were solved employing E
The complex KS equations can be solved self-consistently with an initial guess for n θ . Using the non-interacting complex density, the SCF calculations converged in 4-5 iterations. The resulting complex energies are plotted in Fig. 2 along with the exact results. For comparison, we also plot the results from perturbation theory to first order in λ. The two yield identical answers for the resonance energies, and extremely close for the lifetimes for all λ in the range 0 < λ < 1. Thus, neglecting correlation, we find the average error is ∼ 14% for the real part and ∼ 35% for the imaginary part of the total energy. We also compare with standard scattering calculations using the close-coupling equations under the bound state approximation [16, 17] . The resonance energy is predicted by this method with an error of 22%, comparable to our DFRT exchange-only results.
As in standard KS-DFT, total energies are given here by:
We point out that the θ-independence of the energy is preserved by the SCF procedure (see Table I ). As the grid-size increases the dependence on θ becomes negligible. This is important, because within a SCF DFRT calculation one is always solving the 1-body complex KSequations. For these equations, one should be able to efficiently use a large enough basis set or a fine enough grid to extinguish most of the numerical θ dependence. Thus, this well-known drawback of the complex-scaling technique [18] [19] [20] is outdone by the benefit of never having to deal with N -particle wavefunctions, but just 1-body (complex) densities. Correlation Potential: It is of interest to calculate the exact correlation potential, which we do by subtracting the hartree-exchange contribution from the exact KS potential. The individual Hartree-exchange and correlation potentials are shown in Fig. 4 . To interpret the features in these complex potentials it is useful to distinguish between two regions. As the interaction between electrons is turned on and λ increases from 0 to 1, the region around the central well is shifted up in the real part of the Kohn-Sham potential. This behavior is also seen in standard KS-DFT, and serves to shift up the position of the non-interacting orbital energies (in that case the real part of the orbital energies). However, both the real and imaginary part of the complex Kohn-Sham potential have a second region outside the central well that shows a dramatic oscillatory structure arising purely from the fact that the state is unbound. It is already known that the decaying oscillations in the tails of the complex LER wavefunction are governed by the lifetime of the resonance [21] . These oscillations serve to produce the correct assymptotic behavior in the interacting complex density and thereby give the correct interacting lifetime when this density is used in the functional.
The analog of Koopmans' theorem does not hold in DFRT. Although the ionization energy of our 2-electron system is strictly zero, it is tempting to define I θ ≡ E θ (N = 1) − E θ (N = 2) and check whether it equals the highest occupied KS orbital energy. For the parameters used in Figs.1-4 , E θ (N = 1) = 1.629 − 0.003i, E θ (N = 2) = 4.127 − 0.014i, but the exact KS eigenvalue is 2.065 − 0.006i. Clearly, DFRT provides an unambiguous prescription for the calculation of negative electron affinities.
We are working on the implementation of DFRT to calculate the lifetime of molecular metastable anions. The method would also be applicable to molecules connected to metallic leads, as in molecular electronics. Ernzerhof and co-workers have developed an approach for that purpose where complex absorbing potentials are added within a complex-DFT framework [13, 22] . However, we emphasize that the complex potentials in DFRT are the result of a variational calculation, and they are obtained self-consistently for the N -electron system treated as iso- In addition, DFRT should be applicable to study shape and Feshbach resonances in low-energy electron scattering processes [23] [24] [25] of growing interest in biological systems [26] [27] [28] , atmospheric sciences, lasers, and astrophysics [29] [30] [31] [32] .
In summary, DFRT provides an unambiguous prescription for calculating negative electron affinities based on a complex-scaled version of standard ground state DFT. This complex-scaled version has been cast in a way that is analogous in practice to KS-DFT. Results on a model system suggest that the same machinery that has been developed for KS-DFT yields accurate resonance energies and lifetimes in DFRT. It remains to be seen if common approximations to E XC [n] are able to capture the important effects that determine properties of real transient anions. A more detailed study of the complex density function and various DFRT identities is forthcoming.
